In real-life logistics and distribution activities it is usual to face situations in which the distribution of goods has to be made from multiple warehouses or depots to the final customers. This problem is known as the Multi-Depot Vehicle Routing Problem (MDVRP), and it typically includes two sequential and correlated stages: (a) the assignment map of customers to depots, and (b) the corresponding design of the distribution routes. Most of the existing work in the literature has focused on minimizing distance-based distribution costs while satisfying a number of capacity constraints. However, no attention has been given so far to potential variations in demands due to the fitness of the customerdepot mapping in the case of heterogeneous depots. In this paper, we consider this realistic version of the problem in which the depots are heterogeneous in terms of their commercial offer and customers show different willingness to consume depending on how well the assigned depot fits their preferences. Thus, we assume that different customer-depot assignment maps will lead to different customer-expenditure levels. As a consequence, market-segmentation strategies need to be considered in order to increase sales and total income while accounting for the distribution costs. To solve this extension of the MDVRP, we propose a hybrid approach that combines statistical learning techniques with a metaheuristic framework. First, a set of predictive models is generated from historical data. These statistical models allow estimating the demand of any customer depending on the assigned depot. Then, the estimated expenditure of each customer is included as part of an enriched objective function as a way to better guide the stochastic local search inside the metaheuristic framework. A set of computational experiments contribute to illustrate our approach and how the extended MDVRP considered here differs in terms of the proposed solutions from the traditional one.
Introduction
In the distribution business, whenever a supplier operates from multiple warehouses or depots it needs to decide two things: (a) which set of customers will be served from each depot, i.e., the customer-depot assignment map; and (b) the vehicle routing plan for the given assignment map. This two-stage decision-5 making process is called the Multi-Depot Vehicle Routing Problem (MDVRP).
During the last decades, researchers have extensively addressed different variants of this problem, among others those including heterogeneous fleets of vehicles, multiple products, simultaneous pick-up and delivery, etc. (Montoya-Torres et al., 2015) . The large majority of models aim at minimizing total distribution expected sales or total income.
In order to increase sales revenue, companies use market segmentation strategies that allow grouping customers according to their features (preferences, rent, 25 age range, etc.). Ideally, each group has homogenous features that allow the development of tailored strategies and actions oriented to increase the customer's willingness to buy, i.e., the fitness between his/her utility function and the commercial offer he/she is receiving. In this paper we address an extended version of Our solving approach is based on the combination of statistical predictive models with a metaheuristic framework. In short, the algorithm develops in two main steps. Firstly, supported by the company historical data concerning existent customers, new customers are assigned to depots. This step is preceded 55 by a historical data analysis so that expected expenditure from new customers among depots is estimated throughout a multiple regression model. The regression model will capture the relationship between each customer's willingness to spend (response) as a function of several variables (predictors), including: the assigned depot as well as other customer's features (e.g.: preferences, rent, sex, 60 age, etc.). In the second step, the routes associated to each customer-to-depot assignment map are built. Given the interdependency between both decisions (assignation and routing), our procedure is an iterative one. Different assignations are generated together with the routing decisions and the top best solutions will be saved and locally improved in the last step of the algorithm. The main generated.
The rest of the paper is organized as follows: Section 2 formally describes the well-known Multi-Depot Vehicle Routing Problem and presents the extended version with heterogeneous depots, while Section 3 reviews works addressing 75 the classical version. Section 4 discusses the importance of considering market segmentation. Section 5 provides an overview on our solving approach, while Section 6 offers some low-level details. The computational experiments and a discussion of the results are presented in section 7. Lastly, the main contributions of this work are highlighted in the Conclusion section. The MDVRP may be formally described as an extension of the Capacitated Vehicle Routing Problem (CVRP) and it is defined as a complete directed graph G = (V, E), where V = {V d , V c } is the set of nodes including the depots, 85 V d , and the customers, V c , and E is the set of edges or arcs connecting all nodes in V . Each customer i in V c has a positive demand to be satisfied, q i . Each edge in E has an associated cost c i,j > 0 and distance d i,j > 0 between customers i and j. The distance matrix D := [d i,j ] and the cost matrix C := [c i,j ] are square matrices of order |V |. Usually, both matrices are assumed 90 to be symmetric (nevertheless, our approach could also be applied even in the case of non-symmetric distances or costs).
For the MDVRP, a solution is a customer-to-depot assignment map together with a set of routes covering all customers' demands. Each route starts at one depot in V d , connects one or more customers in V c , and ends at the same depot, 95 without exceeding the capacity of the vehicle. The number of vehicles based at each depot may be fixed or unlimited. The former defines a harder problem, since it adds an additional constraint and there is also no guarantee that a feasible solution exists (Chao et al., 1993) . The latter simplifies the modelling and solving. 100 As mentioned before, when adopting a marketing perspective, companies focus on market segmentation to group customers according to their features and preferences. Considering the heterogeneity of markets, segmentation attempts to divide customers into subsets that behave in a similar way. Our extension of the MDVRP aims at assigning customers to depots based not only on distribu-105 tion costs but also on customers' features and preferences. The goal is then to optimize expected benefits by considering both distribution costs and expected incomes.
To formally describe the mathematical model for the MDVRP with heterogeneous depots, we will first introduce a model for the CVRP problem, which 110 is a particular case of the MDVRP when |V d | = 1, i.e., V d = {0}, and a model for the classical MDVRP.
Mathematical Model for the MDVRP with One Depot (CVRP)
In graph theory, a finite path, φ, of length r is a sequence of r + 1 vertices, {α 0 , α 1 , . . . , α r }, together with a sequence of r arcs, {φ 1 , φ 2 , . . . , φ r }, such that φ k = (α k−1 , α k ), k = 1, 2, . . . , r.
Sometimes we will denote a finite path, φ, in the form:
The vertex α 0 is called the start vertex and the vertex α r is called the end vertex of the path. Both of them are called terminal vertices of the path. The 115 other vertices in the path are internal vertices. A finite cycle is a path such that the start vertex and the end vertex are the same. Note that the choice of the start vertex in a cycle is arbitrary. A path with no repeated vertices is called a simple path, and a cycle with no repeated vertices or arcs aside from the necessary repetition of the start and the end vertex is a simple cycle.
We denote, R, the set of all routes of the complete directed graph G.
Notice that the cardinality of R is |R| = n k=1 P (n, k), where P (n, k) represents the number of k-permutations of a set of n elements (or customers in our case). Notice that |R| = n k=1 P (n, k) ≈ n!e, where e represents the Euler's number, e = ∞ k=0 1 k! .
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Definition 2.2. Two routes are independent when they have no internal vertices in common, i.e., the only vertex in common is the depot node. A non-empty set of independents routes, S ⊂ R, is named a complete system of routes when every customer belongs to a route of S. The set of all the complete system of routes of R is denoted by CSR.
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Notice that from now, in order to simplify the notation, when we write α ∈ ρ, with ρ ∈ S, and S ∈ CSR, we want to indicate that α is a node of the route ρ.
Traditionally, the cost of a route, c ρ , and its distance, d ρ , have been modeled as
Then, the optimization problem to be solved consists in finding a complete system of routes, S, minimizing the total cost, c T := ρ∈S c ρ subject to the following constraints: the total demand served in each route ρ ∈ S does not 135 exceed a maximum constant demand (or vehicles capacity) Q max , α∈ρ q α ≤ Q max , and the total distance of each route ρ ∈ S does not exceed a maximum constant distance D max , d ρ ≤ D max . Therefore, the optimization problem is
(1)
Mathematical Model for the classical MDVRP
The extension to a MDVRP goes as follows: consider a complete directed 140 graph G = (V, E), where V is the disjoint union (also named a partition) of the set of nodes including the depots, V d , and the set of nodes including customers 
. . , m i . Then, the optimization problem to solve consists in finding a family of complete system of routes, {S 1 , . . . , S m }, minimizing the total cost, c T := m i=1 ρ∈Si c ρ subject to the following constraints: the total demand served in each route ρ ∈ S i , i = 1, . . . , m, does not exceed a maximum 150 constant demand, Q max , i.e., β ρ := α∈ρ q α ≤ Q max , for all ρ ∈ S i , i = 1, . . . , m, and the total distance of each route ρ ∈ S does not exceed a maximum constant distance D max , i.e., for all ρ ∈ S i , d ρ ≤ D max , i = 1, . . . , m. Therefore, the optimization problem is
(2)
Mathematical Model for the MDVRP with heterogeneous depots 155
The heterogeneous version of the MDVRP analyzed in this paper does not assume depots are equal (homogeneous), which leads to consider customers' preferences. Then, demands will not be fixed parameters, but depend on the assignment map of customers to depots. Following a realistic approach, we assume demands are not known, but can be predicted relying on an historical 160 database and information about new customers. In the heterogeneous case the assignation of the customers is not made in advance using the classical considerations of distance. Our procedure takes into account the combination of statistical predictive models with a metaheuristic, so three main steps must be considered. ii) Assignation of the new customers to the depots supported by the company historical data with respect to the existent customers.
iii) Routes are built, which are associated to each customer-to-depot assignment map.
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Notice that revenue incomes are not considered in the model for the classical MDVRP because they do not depend on the assignation of customers to depots and, consequently, they are a constant value. On the other hand, given the interdependency between both assignation and routing, the procedure is an iterative one. Different assignations are generated (see Figure 1 ) then, together with the routing decisions. The top best solutions will be saved and locally improved in the last step of the algorithm in order to maximize the total benefit, b T , obtained from the difference between the total income, i T := m i=1 ρ∈Si β ρ and the total cost
Thus, the optimization problem for the heterogeneous case can be described as
(3)
Literature Review on the classical MDVRP
The MDVRP has received a considerable amount of attention in the recent literature (Montoya-Torres et al., 2015) . Tillman (1969) is usually referred as the first paper to address this problem. It considers a version in which customer demands follow specific probability distributions, and solves it with an extension of the well-known CWS heuristic (Clarke & Wright, 1964 Tillman and Cain's work and an extension for larger instances are described in Golden et al. (1977) . Since these first decades, the number of works has grown considerably. Most may be classified according to the proposed approach: exact methods and heuristics/metaheuristics methods. The main difference is that the former guarantee the optimality of the solution found, while the latter usually with biased-randomization techniques to efficiently solve the MDVRP. The same metaheuristic framework is also proposed in Li et al. (2015) . In this case, an adaptive neighborhood selection mechanism is integrated for the MDVRP with 255 simultaneous deliveries and pickups.
Importance of considering Market Segmentation
In a global and dynamic world, companies have to compete in order to build profitable and long-lived relationships with customers. Analyzing customer needs and desires, capabilities, social values, and objectives of a specific 260 company as well as how these interrelate is a crucial area in business intelligence.
During many decades, mass market-based strategies had prevailed in both research and practice. These strategies focus on making profit from economies of scale, providing homogeneous goods and services for a vast number of customers. Technological developments and flexible manufacturing systems have 265 boosted the customization of goods and services according to customer preferences (Datta, 1996; Liu et al., 2012) . Market segmentation is a key concept in this new approach.
Considering the heterogeneity of markets, segmentation attempts to divide customers into subsets that behave in the same way or have similar needs (Ben-270 nett, 1995). As a result, a better understanding of customer requirements is obtained, which may assist in the developing of marketing strategies as well as in the efficient allocation of resources among markets and products (Wind, 1978) . According to Foedermayr & Diamantopoulos (2008) , the segmentation process includes the following stages ( Figure 2 ):
1. Market definition: Initially, the scope of the concept of market for a company is chosen. It should be broad enough to cover as many potential customers as possible, but also manageable.
Selection of segmentation variables or bases:
A critical step is the decision on the bases that will be used to segment the market. satisfaction. Although these steps could be sequentially followed, all are interconnected. Therefore, it is recommendable to allow the possibility to repeat previous steps in order to reconsider some selections. As it has been shown, marketing segmentation has been extensively studied for many decades. It continues to be a highly important topic of research due to its between academic research and practitioner needs, studying implementation issues, and assessing segmentation methods not only considering performance in terms of the solution quality but also in terms of other desirable properties, e.g., implementation difficulty and capacity to be understood by managers.
Overview of Our Approach
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The MDVRP includes two sequential and correlated stages: (a) the assignment map of customers to depots; and (b) the corresponding design of distribution routes to satisfy all customers' demands. In order to assign customers, we take into account the heterogeneity of the depots. It can be considered a realistic approach, since depots belonging to the same organization usually have 380 different characteristics related to products, trade credit policies, and complementary services, among others. The diversity of depots leads to consider customer preferences. Specifically, the willingness to consume (or expenditure) of each customer depends on how well the assigned depot fits his/her preferences.
Market segmentation techniques are applied to identify subsets of customers 385 with similar profiles and assign them to the particular depot that better fits their preferences, considering the restrictions of the problem. Accordingly, we propose to study the relationship between expenditure and customers' features from data of existent customers by employing statistical learning methodologies (e.g., prediction techniques). It will enable the assignation of new customers 390 in such a way that the expected benefits (expected incomes minus distribution costs) is maximized. The phases of our approach are represented in Figure 3 and described next: Considering several groups, we allow the existence of a different trend in 415 each one. A high number of methodologies are available to carry out regression analysis (Hastie et al., 2001; Lantz, 2013) . Probably, the most applied is Linear Regression (Montgomery et al., 2012) , which is easy to understand and interpret, highly relevant in the marketing literature, and has associated a relatively low risk of overfitting (i.e., the model de- 4. Assignment of customers to depots. In order to perform an efficient and feasible assignation, it is necessary not only to consider the predicted expenditure but also the distribution costs, the maximum number of vehicles per depot, and their capacity. Taking a decision for each customer individ-440 ually may provide non-feasible and poor-quality solutions. Consequently, we present a global and iterative strategy where customers are selected one at a time to be assigned to a specific depot. It prioritizes the assignments of those customers that have associated a relatively high expected benefits only for a particular depot, and is based on the procedure developed in
• For each depot k and customer i, -Compute the expected benefits µ k i as the difference between the predicted expenditure p k i and the distribution costs c k i (computed as the cost of moving from k to i).
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-Compute the difference between the expected benefits of assigning i to k and the maximum expected benefits of assigning i to a depot l other than k, i.e.:
We refer to this measure as "marginal savings". Accordingly, s k i will be high in the case customer i reports relevant expected benefits only if assigned to k, low (in absolute terms) if the expected benefits are similar for k and at least one other depot, presenting both depots the highest expected benefits, and very low (nega-455 tive) when there is at least one depot where the expected benefits are larger than those estimated for k.
• For each depot k, create a priority list of customers and sort it in descending order according to the marginal savings s k i .
• Create a list of unassigned customers. Then, select a depot and 460 choose the next customer to assign from its priority list. Update the list of unassigned customers and repeat these steps while there are unassigned customers. Different policies may be applied to determine which depot selects the next customer, as: (i) allowing the depot with the highest remaining capacity to choose, (ii) using a round robinbased criterion, or (iii) selecting it randomly.
5.
Routing. Having an assignment map, the MDVRP can be solved as a set of independent CVRPs. However, the most important challenge when addressing a MDVRP instance is the interrelation between assignation and routing. Therefore, algorithms are required to take the decisions 470 associated to both phases 'simultaneously'. Thus, instead of finding an optimal or near-optimal solution for the customer-to-depot assignment phase and then use this unique solution as a starting point to solve the routing phase, an iteration process combines 'good' and fast computed solutions for the first stage with 'good' and fast computed solutions for 475 the second one in order to find a near-optimal solution for the overall problem. distance, and an average profile per group, for instance).
In the described approach, the statistical learning techniques and the metaheuristic are sequentially employed. There are other realistic versions of the problem that may be addressed by adapting our approach to integrate the statistical learning techniques inside the metaheuristic. For instance, consider a 490 dynamic scenario in which the willingness of customers to spend varies as new customers are assigned to each depot (e.g., due to the decrease in the service's quality or in the number of available offers). In this case, the learning mechanism would iteratively run throughout the searching process in order to update each customer's willingness to spend after each assignment.
Detailed Algorithm
This section describes some low-level details of the proposed approach. Figure 4 summarizes it highlighting the main differences between the classical version of the problem and the proposed one.
Since the phase of data collection is company-specific, we will assume it has 500 already been done. The second and the third phases are related to the development and use of predictive statistical learning models. First, the database of existent customers is split into two subsets: a training set, which will be used to build the models, and a test set, to assess their performance. These subsets are generated by means of random sampling: 75% of customers are assigned to the 505 training set and 25% to the test set. Having different alternatives to explore the relationship between expenditure and customers' features, in our experiments (described later in this paper) we make use of three well-known methodologies:
Multiple Linear Regression (MLR), Multi-layer Feedforward Network (MFN), and Model Tree.
510
• Regarding Multiple Linear Regression, given a database of customers with m features and |V d | depots, the models proposed may be described as follows:
..,f mi represent the features of customer i, β j 0 ,...,β j m are the parameters of the model, Exp i and i denote the expenditure and an error term for customer i, and V j c is the set of customers assigned to depot j. The ordinary least squares method is applied to estimate the parameters, and the stepwise regression approach with a bidirectional elimination 515 procedure is chosen to perform the variable selection.
• Regarding the Multi-layer Feedforward Network with one hidden layer, the generated models are:
where σ is the sigmoid function and p the number of hidden units. The value of p (4, 5, 6, 7, or 8) and the decay value for regularization (0.2, 0.3, 0.4, 0.5 or 0.6) are set using 10-fold cross validation based on the metric R 2 (Kuhn, 2008) . The back propagation method is employed to estimate 520 the parameters.
• The algorithm selected to implement a model tree is the standard M5P (Wang & Witten, 1996) . Basically, it builds a decision-tree induction algorithm relying on a splitting criterion that minimizes the intra-subset where a represents the methodology assessed, and Exp a i refers to the predicted expenditure for customer i employing the methodology a. In our experiments, 530 for each instance we always select the methodology associated with the lowest T M SE. Thus, during the third phase, the expenditure that each new customer would make if he/she was assigned to each one of the depots is predicted using the selected methodology and the customer's features.
For the assignation and the routing phases, an existing methodology de-535 scribed in Juan et al. (2014) has been adapted. The authors propose an efficient algorithm based on an ILS metaheuristic framework (Lourenço et al., 2010) , which guides the search by interspersing exploration and intensification movements. Firstly, an initial solution is generated assigning customers to depots according to the marginal savings (only the distribution costs are considered) 540 and designing the routes by implementing the classical CWS heuristic (Clarke & Wright, 1964) . Afterwards, an iterative procedure is started in which the base solution (the initial solution in the first iteration) is perturbed. If the new solution is better than the base solution, then the latter is replaced. In case no improvement is achieved, a Demon-based acceptance criterion (Talbi, 2009) 545 is considered to avoid entrapment at local optimum. It allows movements that deteriorate the base solution with a higher frequency at the beginning, when a global search is required, and restricts them as the execution proceeds. These steps are repeated until a termination condition is met. Finally, the top best solutions are improved by means of a post optimization process, and the best 550 one is returned. The described algorithm includes Biased Randomization techniques to further diversify the search (Juan et al., 2009 ). These techniques are introduced in traditionally deterministic steps in order to add biased randomization, which favors the generation of high-quality alternatives. In particular, they are implemented both in the assignation phase, to randomize the sorted 555 priority list of customers of each depot in such a way that the reasoning behind the sorting is not erased but many orderings are provided, and in the routing phase, where the CWS heuristic is randomized. 
Numerical Experiments
An algorithm based on the described approach has been implemented and 560 employed to solve a number of generated instances. The computational experiments compare the results of our approach for the analyzed version of the MDVRP and for the classical version (i.e., the one assuming homogeneous depots). This section provides the description of the instances and the tests carried out, as well as the numerical results and their analysis. to his/her closest depot, while the expenditure level has been determined by a given function that depends on the depot, the aforementioned variables and a white noise term. For a total of 100 new customers, the variables age, sex, estimated income and preferred article have been generated using the same distributions. Customers' and depots' locations have been randomly generated in 580 a square of 100 x 100. In order to simplify the instances' generation, Euclidean distances are employed as distribution costs. Different values have been chosen for the number of depots, existent customers and vehicles, the maximum cost per route and vehicles' capacity. This information is shown in Table 1 .
Test
585
Each instance has been adapted by modifying the expenditure of existent customers to analyze the following scenarios: (1) low ratio (LR), the average ratio between average expenditure of existent customers and average distribution costs is similar; (2) medium ratio (MR), average expenditure is relatively higher than average distribution costs; and (3) high ratio (HR), average expen-590 diture is much higher than average distribution costs. The target ratio has been reached multiplying expenditures by a coefficient. The resulting instances are available from the authors upon request. The analysis of these scenarios will allow us to compare the expected benefits (expected incomes, defined as the sum of predicted expenditures, minus distribution costs) associated to solutions 595 considering only distribution costs and those taking into account also customer preferences (predicted expenditure), thus exploring the consequences of having different weights of expenditure in the objective solution. For the first scenario, it is expected that the gap between distribution costs will be low (i.e., solutions are expected to be relatively similar). Likewise, it is expected that this gap will 600 be higher as the ratio increases. Similarly, it is also expected that the higher the ratio, the higher the gap between the expected benefits of the solutions.
The code has been implemented with Java and R -version 2.15.0 (Team, 2008) been used to perform all tests. The ILS process runs for 4,000 iterations, and all executions are solved for 10 different seeds. Only the best values obtained after the 10 runs are reported.
Results and analysis
The the algorithm M5P has also been used in some instances (11.1%). Being an 635 experiment for illustrative purposes, we show that different methodologies with particular strengths may be easily applied, but we do not aim to perform a comprehensive comparison among them.
The gaps related to the distribution costs and the expected incomes are strictly positive except in one case. It confirms the trade-off decision-makers 640 face between both measures; that is to say, higher distribution costs are required to obtain an increase in expected incomes. Regarding the gap of expected benefits, it is strictly positive for all instances except for two where both solutions are equal. Therefore, attempting to achieve the highest benefits studying only distribution costs in instances with heterogeneous depots results in sub-optimal 645 solutions. As expected, all average gaps increase with the ratio, i.e., the difference between solutions (in terms of distribution costs, expected incomes or expected benefits) is positively correlated to the average expenditure for fixed average distribution costs. However, this rule does not apply for all cases. In some of them, despite the fact that the gap of expected incomes increases, so 650 does the gap of distribution costs. As a consequence, the gap of expected benefit may be reduced.
Conclusions
This paper addresses an extension of the Multi-Depot Vehicle Routing Problem (MDVRP) in which heterogeneous depots are considered. The resolution
Traditional (1) Rich (2) Gaps ( of the classical MDVRP has two sequential and interrelated stages: (a) the assignment of customers to depots, and (b) the corresponding design of distribution routes. Typically, the assignment map is generated by minimizing the total distance, which is intended to lead to the minimization of distribution costs. Implementing this approach, researchers assume that depots are homo-660 geneous. However, this is an unrealistic assumption since several factors may result in differences between depots from a particular organization. We propose to take into account the existence of heterogeneous depots, which allows the consideration of customers' preferences. The customers' willingness to consume is affected by how well the assigned depot fits their preferences. Thus, the 665 main contribution of this work is the development of a simple yet comprehensive metaheuristic-based approach including market segmentation issues in order to maximize expected benefits (expected sales incomes minus distribution costs).
The proposed methodology consists of five steps: (i) data collection, in which
Traditional (1) Rich (2) Gaps ( information basically related to existent customers that have been already served 670 and new customers is gathered; (ii) statistical learning, where the relationship between customers' features and expenditure for different depots is studied employing existent customer data; (iii) expenditure prediction for new customers;
(iv) assignment of new customers; and (v) routing. A set of computational experiments has been carried out in order to illustrate our methodology. A total 675 of 15 instances have been artificially generated and analyzed considering three scenarios, which vary in the weight of the expenditure of existent customers.
It has been shown how our approach differs from an approach based only on minimizing distribution costs when solving instances with heterogeneous depots.
Our experiment also allows quantifying how the performance gap between both 680 approaches increases as the weight of the expenditures is incremented. Bennett, P. (1995) . Dictionary of marketing terms. (2nd ed.). McGraw-Hill
Contemporary.
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